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Stability Parameter and Roll Rate
from Early Re-Entry Radar or Optical Data

R. L. Henry*
U.S. Air Force Systems Command, Wright-Patterson Air Force Base, Ohio

The modulation of the early re-entry intensity of optical emissions and radar range by the angular motion of
a rolling re-entry vehicle is examined. The theoretical spectra of the modulation in the frequency space canonical
to the square root of the air density at the vehicle altitude are generated. Transforms of length sufficient to
resolve roll-related features without masking by the variation of the pitch oscillation frequency with vehicle
altitude are possible in this frequency domain. It is shown that modulation mechanisms that depend linearly and
quadratically on vehicle angle of attack result in up to six frequency components in this space. This transform
technique provides a means to determine altitude-dependent stability parameter and roll-rate altitude profiles
from optical or radar re-entry data.

Nomenclature
A - aerodynamic reference area for moment

coefficients
Bie^i, B2ei*2 = alternative expressions for initial conditions
Qo» Qp = aerodynamic roll-driving and damping-

moment coefficients, respectively
Cma = aerodynamic pitching-moment coefficient

derivative
Ci'e^i, Ci'e*** = exponential function coefficients in angular

solution
Q"» Cf = Bessel function coefficients set by initial

conditions
D, Da, Dp - complex, real, and imaginary parts of

coefficients of linear terms in expansion of
radar or optical signal at sensor

•E, Ea, E$ = complex, real and imaginary parts of
coefficients of quadratic terms in expansion
of radar or optical signal at sensor

H = reference altitude parameter in exponential
expression for air density

/, Ix = pitch and roll moments of inertiai =(-D i / 2
J(t) = radar or optical signal at sensor
Jb(t) = slowly varying bias in J(t)
Jv(0), YV(Q) = Bessel functions of first and second kind of

order v
J0(t) = zero-order term in expansion of J(t)
I = aerodynamic reference length for moment

coefficients
P, Q = coefficients of circular functions in

HankePs asymptotic expansion for
BessePs functions

P5 = stability parameter
p = roll rate
Po = initial roll rate at initial time t0
R = ratio of quadratic to linear contributions to

angular expansion of radar or optical data
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normalized modulation of radar or
optical data
roll-related frequency canonical to Vp
Fourier spectrum of radar or optical data at
frequency o> canonical to Vp
time
vehicle velocity
roll-related damping function

pitch and yaw angles
re-entry angle
pitch-related frequency canonical to Vp
Pochhammer's symbol
solution to Eq. (15)
complex angle of attack
air density
parameter in exponential expression for air
density
air density values at limits of Fourier
transform
phase of D
phase of E
modulation frequency canonical to Vp
time derivative
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I. Introduction

BOTH the stability parameter and the roll rate of a re-entry
vehicle (RV) as functions of altitude during the early por-

tion of re-entry are of interest to those attempting to under-
stand the characteristics of a missile system. Reference 1 de-
scribes techniques used by many analysts for the extraction of
this information from optical data collected during the re-en-
try of RV's whose roll rate either differed greatly from the
natural pitch oscillation frequency or was exactly the same
because the RV was locked into lunar motion due to roll reso-
nance. This paper examines the body-motion-induced modula-
tion in radar and optical re-entry data by nonlifting, axially
symmetric RV's. In particular, the expected spectra in the
frequency domain canonical to the square root of the air den-
sity at the RV altitude is examined. In this domain, transforms
of lengths sufficient to resolve roll-related features can be
performed without masking due to changes in the planar oscil-
lation frequency. Body-motion-induced modulation by these
vehicles can result in a rich spectrum in this domain with up to
six frequency components. The extension to include other ef-
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fects such as lift is straightforward, but beyond the intended
scope of this effort.

RV characteristics can be obtained by comparing field and
theoretical spectra. This technique is more general in that it
can utilize a motion solution which is applicable in the high-al-
titude region where the roll and natural pitch frequencies are
approximately, but not necessarily exactly, equal as well as
when they differ greatly. The novel features of this approach
are the independent variable used in the frequency analysis of
the field data and the incorporation of a complete angular
motion solution, including the effects of RV roll, into the
theoretical signature-modulation model. The description is or-
ganized as follows: The modulation mechanism for both the
optical and the radar case is described, the angular motion
solution is presented, and several examples illustrating features
of the frequency content of the theoretical modulation implied
by the resulting angular solution are shown.

II. Modulation Mechanism
Consider the modulation imparted by this motion to the

optical emissions from the surface of an RV. Initially assume
that the optical sensor views the RV along its velocity vector as
shown in position P of Fig. 1. The heating rate of the RV heat
shield by the wind stream increases as the angle between the
incident air and the normal to the heat shield surface de-
creases. A larger area receives the nearly normal aerodynamic
heating when the RV is in positions A and C of Fig. 1 than
when it is aligned with the airflow as in position B. The surface
temperature of the RV heat shield and hence its optical emis-
sions increase with heating rate (in the absence of phasertransi-
tion phenomena). Two optical flashes per mechanical cycle are
observed because the sensor receives more radiation when the
RV is in positions A and C than when it is in position B.

Now consider the case where the sensor is displaced along a
direction parallel to the oscillation plane such that its line of
sight is not parallel to the RV's velocity vector as illustrated in
position P'of Fig. 1. When the RV is in position B, less radi-
ation is observed than when it is in position C, but more than
when it is in position A because the radiation from the wind-
ward heated surface in position A is partially shadowed from
the sensor by the RV itself. Hence, this viewing angle results in
one optical cycle per mechanical cycle. In general, the optical
modulation due to RV surface emission is a combination of the
above cases whose relative mixtures are determined by the
viewing conditions. Since the angle between the sensor line of
sight and the normal to the plan of oscillation of the RV has
a large effect on the resulting modulation and since this plane
rotates as the RV rolls, the overall signal is also modulated by
RVroll.

The RV motion also modulates the optical emissions from
ablation products in the RV wake. The intensity of these emis-
sions is directly related to the quantity of these products which
depends on both the heated area of the heat shield and its
material properties, the heating rate, and the time necessary
for the emitting species to cool sufficiently for their emissions
to become negligible. The wake emissions are dependent on the
vehicle orientation because the high heating rate area of the
RV is increased when the RV symmetry axis is misaligned with
its velocity vector. This modulation is almost independent of
the viewing angle (and therefore RV roll) because RV's are too
small to shadow a significant portion of the wake for most
viewing geometries and optical bandpasses (effective wake di-
mensions are dependent on optical bandpass). This mechanism
results in two optical flashes per mechanical cycle. The total
optical modulation is due to the combination of the modula-
tion of the RV surface emissions and wake emissions.

The radar-range data is also modulated by the body motion.
Although some work has been performed to extract the stabil-
ity parameter from radar data collected at low altitudes, none
has been applied to the early re-entry region. Consider the case
where the radar views the RV from position P of Fig. 1. After
subtracting the average decrease of the range to the RV's cen-

ter of mass, the residual range to a scatterer at the RV nose is
larger when the RV is in positions A and C in this figure than
when it is position B. This results in two modulation events per
mechanical cycle. When the radar is moved in a direction
perpendicular to the RV velocity vector and parallel to the RV
oscillation plane as shown in position P 'of Fig. 1, the residual
range to RV nose increases as its orientation progresses from
position A through B to C. For this case, there is one modula-
tion event per mechanical cycle. For both cases, the frequency
of the range residuals to other scattering centers varies at the
same frequency but with different amplitudes and phases. In
general, the modulation of the radar-range residuals is a com-
bination of the two cases discusses above whose relative
weights depends upon the viewing geometry. The radar-range
residuals are modulated by the rotation of the oscillation plane
of a rolling RV because this rotation changes the angle between
the viewing direction and the oscillation plane.

The change in the planar oscillation frequency with RV
altitude complicates the measurement of the various frequen-
cies present in the data. Fourier transforming a segment of the
signal yields a spectrum whose resolution is inversely propor-
tional to the length of the segment. If time is used as the
independent variable in this transform, the changes in the
planar oscillation frequency with RV altitude will completely
mask any roll-related features in any data segment of sufficient
length to otherwise resolve these features. This masking can be
avoided if the independent variable is changed to one that
varies witji altitude, such that its variation approximately com-
pensates for the change in planar oscillation frequency. The
square root of the air density at the RV altitude is a suitable
independent variable.

Both the optical and the radar data include a large bias that
varies relatively slowly with altitude. In the optical case, this
bias is due to the increase in the overall emissions caused by the
increase in surface emissions due to the increase in surface
temperatures and the increase in wake emissions-due to the
increased ablation rates induced by the increased aerodynamic
heating as the RV altitude decreases. In the radar case, this
bias is due to the decrease in the range as the RV center of mass
moves toward the radar. Both types of data also have ampli-
tude envelopes which vary with altitude due to the change in
viewing conditions, the RV geometry, and the damping of the
magnitude of the RV's angle of attack as the air density in-
creases. The envelope of the optical modulation also varies due
to the properties of the heat-shield material and the altitude-
dependent heating rates. Regardless of their origin, these fea-
tures must be removed from the data before transformation to
avoid masking the desired features by the finite width of the

Fig. 1. RV orientations A, B, and C and sensor positions P and P '
considered in text.
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large low-frequency components induced by the bias and en-
velope functions.

To predict the modulation spectra for a given RV, it is
necessary to describe the above phenomena in a quantitative
manner. For small pitch and yaw angles, the signal to be
transformed may be expressed as a power series in these an-
gles. The coefficients of this expansion are slowly varying
Functions of altitude determined by viewing conditions, mate-
rial properties, and similar quantities. The zeroth-order term
corresponds to the slowly varying bias mentioned above, the
linear terms correspond to the modulation mechanisms, which
result in a single modulation event per mechanical cycle, and
the quadratic terms correspond to the mechanisms, which re-
sult in two modulation events per mechanical cycle. For an
axially symmetric RV, it is possible to choose the coordinate
system to eliminate terms containing the product of the pitch
and yaw angles. In this system, the signal J(t) observed by the
sensor can be expressed as

J(t) = Mt) + Da(t)a(t) +

(1)

where /o(0 is the signal seen by the sensor when the RV is in
the aligned orientation and the quantities Da(t), Dp(t), Ea(t),
and Ep(t) are the expansion coefficients of the terms in which
they appear.

III. Angular Motion Solution
Many treatments of the theoretical angular motion of an RV

are found in the literature. References 2-15 provide a represen-
tative, but by no means exhaustive, set of examples of the early
work in this area. A much more extensive bibliography is
included in the excellent review article by Flatus.16 References
2-6 are particularly applicable since they account for the ef-
fects on the RV motion of the variation in the air density with
RV altitude. Other effects such as lift (Ref. 5) and ablation
(Ref. 13) have also been considered. The motion solution con-
sidered here is applicable to an axially symmetric, nonlifting
RV when ablation effects are negligible and the maximum
aerodynamic is sufficiently small that only the linear aerody-
namic terms are significant. Extending this solution to include
other effects is straightforward.

In the high endoatmospheric portion of the RV trajectory,
the center of mass and the angular motions may be separated
because of the negligible drag changes induced by small angles
of attack and the RV's almost constant velocity vector. In the
aeroballistic coordinate system, the angular equations of mo-
tion are

- Y2pv2CloAl - V2Pv2-

la - $plx - l/2pv2Cm(xAla = 0

7JB + aplx - y2Pv2Cm<xAll3 = 0

(2)

(3)

(4)

The roll moment is assumed to vary linearly with roll rate.
For a truly axially symmetric RV, the quantity C/0 must vanish
because an axially symmetric RV cannot have a preferred roll
direction. The above equations are also applicable to an almost
axially symmetric RV obtained by adding spin fins, a spiral
tape-wrapped heat shield, or similar modifications to a truly
axially symmetric RV if its moment of inertia tensor is diago-
nal, one of the eigenvectors of the moment of inertia tensor of
the modified RV coincides with the axis of symmetry of the
unmodified RV, and if the moments of inertia corresponding
to the other eigenvectors are identical to each other.

The stability parameter is customarily defined in terms of
the pitching moment coefficient derivative as

Equations (2-4) constitute a set of three coupled equations
for the pitch and yaw angles, a. and /3, and the roll rate/?. Since
only the derivative of the roll rate only appears in Eq. (2), the
roll rate can be obtained by numerical integration using values
of C/o and Ctp that have have been averaged over the instanta-
neous cyclical variations in a and /3.

= exp

x expl - (6)

where t 'and t" are integration variables. Equations (3) and (4)
can be combined into a single equation by defining a complex
angle of attack £

£ = iot + 0

Substituting this into Eqs. (3) and (4) yields

= 0

(7)

(8)

To show the variation of air density with altitude and hence
time, it is helpful to write it as

(9)

where H and pn are atmospheric functions that vary slowly
with RV altitude. Combining Eqs. (8) and (9) yields

£ - nV2 exp ((vt si = 0 (10)

The altitude variations of the slowly varying functions Cma, /?,
v, 7, pnf and //will be handled by solving Eq. (10) for £ as an
explicit function of these quantities and the independent vari-
able and then generating values for £ numerically using the
known altitude profiles of these quantities. Define the new
independent variable 6 by

VP (H)
\ a111 7 /

( ^u1n p\ !/z
sin2 J exPN sin7/(2//)} (12)

If this is substituted into Eq. (10) and if the derivatives of the
quantities Cma, v, 7, pn, H, and p are negligibly small, Eq. (10)
becomes

a2£ ia£
de2 ede *

Now take £ to be of the form

£ _ Qip(Ix/T)H/(v sin

then

e de

v smy

which is BessePs equation of order v, where

This has the solution

v smy

(13)

(14)

(15)

(16)

Ps= - CmaAl/I (5) (17)
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where the coefficients of the BessePs functions, C\ and C2",
are determined by the initial conditions. Combining Eqs. (11),
(14), and (17),

(18)

Equations (6), (16), and (18) constitute the desired angular
solution. To properly understand the modulation implied by
this solution, it is helpful to express the Bessel functions using
HankePs asymptotic expansion:

) cos* - Q(v,0) sin* }

Yv(6) = ( — 1 \P(p90) sin* + Q(v,6) cos*}
where

2\1/2

X = 6 - V2VTT - '/47T

(19)

(20)

(21)

(22)

(23)

Hankel's symbol (v,k) can be expressed in terms of Pochham-
mer's symbol (v)k by

(24)

v smy

For typical values encountered in intercontinental ballistic mis-
sile RV re-entries, the series in Eqs. (22) and (23) converge very
rapidly. For many cases (except at high altitudes or roll rates),
P and Q are very close to unity and zero, respectively.
Combining Eqs. (18), (19), and (20) and simplifying the nota-
tion by introducing the symbols

(25)

(26)

(27)

(28)

(29)

(30)

7T/7(V/)H

2v siny

{ P + iQ } e ~ /v/4

C2'e** = B2e^[P - iQ }e'v/4

the angular solution reduces to the simple result

wC2'exp[ - i(0 -s- < (31)

In this expression, 0 and s are the products of the independent
variable Vp and the planar and the roll-related frequencies [the
bracketed coefficients of Vp in Eqs. (11) and (25)], respectively
which are canonical to Vp. The roll-related frequency is depen-

dent upon Vp but varies slowly with altitude at high altitudes.
The quantity w is an exponential decay or growth factor pro-
portional to roll rate. The quantities B{ and B2 are the moduli
and \l/i and \l/2 are the phases of alternative expressions for the
complex numbers representing the initial conditions of the
complex angle of attack. The quantities C\ and C2 are func-
tions of the initial conditions which vary slowly with altitude
and roll rate due to their dependence on the Hankel symbols.
Equation (31) illustrates that the complex angle of attack can
be expressed as the sum of terms which oscillate at the sum and
the difference of the planar and the roll-related frequencies
canonical to Vp. The relative importance of the two terms
depends on the initial conditions and the roll rate. For fixed
values of the initial conditions, the ratio of the contributions
of the sum term to the difference term increases approximately
exponentially with increasing roll rate.

IV. Modulation Implied by Motion Solution
Since examination of the actual signal is not particularly

illuminating, the details of the motion are best revealed in the
magnitude of the Fourier transform of the signal defined by

(32)

where S(Vp) is the signal at Vp after the dependence on the bias
and the envelope functions have been removed, and Vpi and
Vp2 are the integration endpoints in root air-density space. To
understand this modulation spectra, it is helpful to consider
three cases: A, when EGL and E$ in Eq. (1) both vanish; B,
when Da and D^ in Eq. (1) both vanish; and C, when neither
set vanishes.

To illustrate the features of the various cases, theoretical
modulation spectra of an RV with an altitude-independent
stability parameter of 0.004 m/kg and a constant roll rate of
165 deg/s were generated. The RV was assumed to be follow-
ing a trajectory for an RV with velocity of 6.28 km/s and a
re-entry angle of 24 deg at an altitutde of 120 km, a hypersonic
ballistic coefficient of 7000 kg/m2 and a ballistic coefficient
Mach-number variation which follows a Berman profile for a
7.5 deg, 0.26 bluntness ratio sphere cone (see Ref. 17). The
altitude variation of air density was taken to be that of the 1962
U. S. Standard Atmosphere.18 For this case, the RV moment
of inertia ratio was set a 0.1 and the initial conditions were
taken to yield \l/l = 135 deg, \l/2 = - 90 deg, and Bi/B2 = 0.1.
The points input to the Fourier transforms were evenly spaced
in time and hence unevenly spaced in Vp space. The band-
widths of the resulting spectra were assumed to be determined
by the widest spacing of input points in Vp space. All of the
spectra were normalized such that their largest values were
equal to unity.

A. Linear Case
When Ea and E$ vanish, Eq. (1) can be expressed elegantly

by defining a complex function

(33)

(34)

(35)

The envelope of the oscillations represented by the terms in
Eq. (35) each have different dependence on roll rate. For def-
initeness, the envelope function will be taken to be the coeffi-
cient of the cosine term which depends on the difference of B
and s.

D= |D

D = Dp + iD

Inserting this into Eq. (1),

(36)
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1000 2000 3000 40005000 6000 7000
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Fig. 2 Modulation spectra of rolling (solid line) and a nonrolling
(dashed line) vehicles for linear case in 81.88-58.03 km altitude region.

3000 4000
W, JM 3/KG k

Fig. 3 Modulation spectra of rolling (solid line) and a nonrolling
(dashed line) vehicles for linear case in 71.89-52.05 km altitude region.

With these definitions, the normalized signal S, becomes

</(0-Jo(0>

S = e2w(Ci'/C2') cos(0 +
+ COS(0 - S - fa + 03)

(37)

(38)

This modulation spectrum consists of a doublet with a spacing
equal to twice the roll-related frequency. The relative intensity
of the sum term increases exponentially at the expense of that
of the difference term with increasing roll rate. The effects of
high roll rates are manifest as a shift in the center frequency of
the single visible component. The change in the roll-related
frequency with altitude strongly influences the Fourier spectra
of Eq. (38).

Consider a transform over a change of Vp sufficient to yield
a resolution comparable to the doublet splitting. Transforming
between 81.88 and 58.03 km with viewing conditions such that
03 = 45 deg, a sampling rate of 59.78 frames/s [equivalent to

Fig. 4. Modulation spectra of rolling (solid line) and a nonrolling
(dashed line) vehicles for quadratic case in 81.88-58.03 km altitude
region.

bandwidth of 9568.1 (mVkg)1/2], and a suitable choice of initial
conditions, the doublet structure is clearly visible in the solid
line in Fig. 2. The spectra for an otherwise identical nonrolling
RV observed under the same conditions is shown by the dashed
line in Fig. 2. The single peak of this latter spectrum falls
between the two major features of the former spectrum,

At somewhat lower altitudes, the change in the roll-related
frequency with altitude is sufficient to wash out this doublet
structure. The altitude dependence of air density prevents
simultaneously fixing the resolution and bandwidth of the
transform, the ratio of the resolution to the roll-related fre-
quency, and the effective framing rate of the signal because the
signal points are equally spaced in time rather than in Vp space.
With the same roll rate, trajectory, viewing conditions, effec-
tive framing rate considered earlier, and ratio of the transform
resolution to the roll-related frequency considered earlier, the
spectra of rolling and nonrolling RV's between 71.89 and
52.05 km are shown by the solid and dashed lines, respectively,
in Fig. 3. Notice that the bandwidth of these spectra is only
6640.7 (mVkg)1/2.

B. Quadratic Case
When Da and Dp vanish, it is helpful to write the remaining

viewing coefficients as

Ea = \E\ cos fa

EB = \E\ sin04

(39)

(40)

As in the linear case, each of the various terms obtained by
combining Eqs. (1), (31), (39), and (40) have different coeffi-
cients. Take the envelope function to be the coefficient of the
cosine term involving twice the difference of 6 and s.

( J ( t ) - J b ( t ) ) = \E
4*0 (41)

The presence or absence of RV roll also effects the nonoscilla-
tory bias Jb> which includes other terms besides the JQ term.
After these are subtracted, the normalized signal for the rolling
subcase becomes

J(t)-Mt)- \E\
4ire (cos04 + sin04)[l

(42)

•• (cos04 - sin04) cos[2(0 - s) - 2fa] + e4w(Ci'/C2')2(cos04 - sin04) cos[2(0 + s) + 2fa]

+ 2e2w(Cy/C2'){cos04 cos[20 - (0i + 02)] + sin04 cos[20 + (fa - fa)] + cos04 cos[2s - (fa -
- sin04 cos[2s + (0! + 02)]} (43)
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For the nonrolling subcase, the signal becomes

5 = [J(t) -
' 47T0

x {cos04 cos(<£i - fa) -smfa cos(fa + fa)] = (cos<£4 -
+ 2e2w(Ci/C2') x {COS04 cos[20 - (fa + fa)] + sin04 cos[20

For the second-order case, the modulation spectrum consists
of a triplet with features at twice the planar frequency, twice
the sum of the planar and the roll-related frequencies, and
twice the difference of the planar and the roll-related frequen-
cies and a singlet at twice the roll-related frequency. With
increasing roll rate, the intensities of the sum term increases
exponentially at the expense of that of both the double the
planar frequency term and the double the roll-related fre-
quency term. These terms, in turn, increase exponentially at
the expense of that of the difference term. At high roll rates,
the effects of RV roll are evident in the presence of the roll-re-
lated singlet feature and in the distortion of the side lobe
structure of the spectrum.

The change in the roll-related frequency with altitude also
has a strong influence on the Fourier spectra of Eq. (43).
Under the same conditions and transform limits as those used
to generate Fig. 2 and with 04= 0, the triplet and singlet struc-
tures are clearly visible as shown by the solid line in Fig. 4. The
spectrum for an otherwise identical nonrolling RV observed
under these same conditions is shown by the dashed line in the
same figure. Notice the spurious feature due to the side lobe
adjacent to the central peak. At somewhat lower altitudes, the

2e2»(C1'/C2')

')2 cos(20 + 2<h) + cos(20 - 2 fa)]
- fa)] }

(44)

change in the roll-related frequency is sufficient to wash out
the triplet structure. This effect is illustrated by the solid line
in Fig. 5 for a rolling RV with the same viewing conditions as
those used to generate Fig. 4 and the same transform limits as
those used to generate Fig. 3. Although the triplet structure is
obscured by the side lobes, the singlet at twice the roll-related
frequency is still clearly visible. The spectrum for a nonrolling
RV under the same viewing conditions and transform limits is
shown by the dashed line in Fig. 5. The absence of the effects
of RV roll are best observed despite the enchanced side lobe
structure by noting the absence of the roll-related singlet.

C. Combined Case
When neither sets of coefficients vanish, the various cosine

terms have a different dependence on RV roll rate. Since the
linear and quadratic terms depend differently on Vp, their
relative importance changes with altitude. Take the envelope
function to be the same as that in the first-order case. It is
convenient to define the ratio

R = I E I / I D (45)

As in the second-order case, the presence or absence of RV roll
effects the nonoscillatory bias. After this is subtracted, the
normalized signal for the rolling subcase becomes

J(t)-J0(t)- \E
47T0

4w(Ci'/C2')2]

e~wC2'
(27T0)'/2

(46)
D

: cos(0 - s - fa + fa) + *2w(Ci'/C2') cos(0 + s + fa- fa) + e ™ 2Jf [e

i cos[2(0 - s) - 2fa] + 2e2w(CiVC2'){cos<A4 cos[20 - { fa)]

- sin04)cos[2(0 + s)

cos[20 + (fa - fa)]
cos[2s — (fa — fa)] — sin04 cos[2s + (fa + fa)]]] (47)

1000 2000 3000 TOO 5000 6000 7000 8000 9000 10000

Fig. 5 Modulation spectra of rolling (solid line) and nonrolling
(dashed line) vehicles for quadratic case in 71.89-52.05 km altitude
region.

Fig. 6 Modulation spectra of rolling (solid line) and a nonrolling
(dashed line) vehicles for combined case in 81.88-58.03 km altitude
region.
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For the nonroiling subcase, the signal becomes

QT __ 1 ' (2?r0)1/2

2e2w(Ci'/C2')[cosfa

- \E (4*6) li

— fa) — sin</>4 cos(0i + fa)}

^ 2(2*8)*

+ sinfa cos[29 + (fa - fa)]}

^)2 cos(20

This modulation spectrum consists of a doublet with features
at the sum and the difference of the planar and the roll-related
frequencies, a triplet with features at twice the planar fre-
quency, twice the sum of the planar and the roll-related fre-
quencies, and twice the difference of the planar and the roll-re-
lated frequencies, and a singlet at twice the roll-related
frequency. The relative intensities of the terms in Eqs. (47) and
(48) which result from the linear terms in Eq. (1) increase at the
expense of those from the quadratic terms as the fourth root
of air density and exponentially with increasing roll rate. The
relative intensities of the various components of the linearly
derived terms and the various components of the quadratically
derived terms are the same as those described in their respec-
tive sections.

The altitude variation of the roll-related frequency also has
a strong influence on the Fourier spectra of Eq. (48). Under
the same conditions and transform limits as those used to
generate Figs. 3 and 5 and with B2R =550, the various fea-
tures are clearly visible as shown by the solid line in Fig. 6. The
theoretical modulation expected from an otherwise identical
nonrolling RV observed under these same conditions is shown
by the dashed line in Fig. 6. The spurious feature due to the
side lobe adjacent to the second-order peak which was present
in the quadratic case is also visible in this figure.

At somewhat lower altitudes, the change in the roll-related
frequency is again sufficient to wash out the doublet and the
triplet structures. As in the second-order case, the effects of
RV roll are evident in the presence of the weak roll-related
singlet feature and in the distortion of the side lobe structure
of the spectrum. This effect is illustrated for rolling and non-
rolling RV's by the solid and dashed lines, respectively, in Fig.
7 under the same conditions and transform limits as those used
to generate Figs. 3 and 5. The reduction in the intensities of the
quadratic features relative to those of the linear features com-
pared to their relative strengths in the higher altitude figures is
due to the fourth root of air density dependence in Eq. (47) and
(48).

1000 2000 3000 TOO 5000 6000 7000

= cos(0 - fa + 4>3) + e2w(Cl
//C2

f)2 cos(0 + <h -fa)

cos(20 - 2e2w(Ci'/C2'){cos<#>4 cos[20 -

(48)

Fig. 7 Modulation spectra of rolling (solid line) and a nonrolling
(dashed line) vehicles for combined case in 71.89-52.05 km altitude
region.

For some values of the relevant parameters, the resulting
transform is extremely sensitive to not only the stability
parameter and roll-rate altitude profiles, but also the initial
conditions, the viewing conditions, and the choice of integra-
tion endpoints. This sensitivity appears to be similar to the
sensitivity of Lissajous figures to phase differences. Although
this sensitivity is desirable for detecting small changes in the
various inputs, obtaining an adequate fit to prechange data
may be difficult if small changes to the input parameters re-
sults in large variations in the expected spectrum. It is impor-
tant to emphasize that the appearance of the various features
which have been illustrated in this section may be masked for
slightly different sets of initial or viewing conditions or choice
of integration endpoints. In addition, side lobes may appear in
individual frames which may mimic details of features which
are not present. For example, in the nonrolling cases in Figs.
4 and 6, the side lobe adjacent to the main lobe makes the
actual singlets resemble the doublets expected for the rolling
cases.

The number of free parameters that must be obtained by
fitting can be minimized by:

1) Positioning the sensors at sufficient ranges that changes in
the viewing condition parameters due to viewing geometry
variations with RV altitude may be neglected.

2) Parameterizing the altitude variations of the stability
parameter and the roll rate so that only the relevant parameters
and not the actual values at each altitude point are determined
by the fitting procedure (data quality may not justify attempts
to extract anything but an altitude-averaged stability parame-
ter).

3) Noting that the high-altitude roll rate, a parameter in any
likely parameterization of the roll-rate history, may be ob-
tained from either the high-altitude modulation or from exoat-
mospheric radar data. (Emphasizing the second-order modula-
tion by sensor positioning simplifies the determination of the
high-altitude roll rate.)

The number of data sets may be maximized by dividing the
initial sensor data into the largest possible number of segments
consistent with adequate resolution. Using data from multiple
sensors serves both to increase the number of data sets and to
resolve ambiguities between the roll rate and stability parame-
ter profiles and the viewing conditions.

V. Conclusions
In this paper, the expected spectra of the body-motion-in-

duced modulation in radar and optical data from the early
re-entry region in the frequency domain canonical to the
square root of the air density at the RV altitude was examined.
In this domain, transforms of lengths sufficient to resolve
roll-related features can be performed without masking due to
changes in the planar oscillation frequency. Modulation mech-
anisms that depend linearly and quadratically on vehicle angle
of attack result in up to six frequency components in this
space. For rolling RV's, the contributions from the linear
terms were distinctly different from those of the quadratic
terms. Particularly in the quadratic case, the signatures ex-
pected from rolling and nonrolling Rv's show distinct differ-
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ences particularly at high altitudes and low roll rates. Altitude-
dependent stability parameter and roll-rate altitude profiles
can be obtained by inverting the model signatures by compar-
ing field and theoretical spectra.
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